Kramers-Wannier dualities for WZW theories and minimal models by Schweigert, Christoph & Tsouchnika, Efrossini
ar
X
iv
:0
71
0.
07
83
v2
  [
he
p-
th]
  5
 D
ec
 20
07
arXiv:hep-th/0710.0783
Hamburger Beiträge zur Mathematik Nr. 276
ZMP-HH/07-8
Kramers-Wannier dualities for WZW theories
and minimal models
Christoph Shweigert and Efrossini Tsouhnika
Organisationseinheit Mathematik
Shwerpunkt Algebra und Zahlentheorie
Universität Hamburg
Bundesstraÿe 55
D20146 Hamburg
Abstrat
We study Kramers-Wannier dualities for Wess-Zumino-Witten the-
ories and (super-)minimal models in the Cardy ase, i.e. the ase with
bulk partition funtion given by harge onjugation. Using the TFT
approah to full rational onformal eld theories, we lassify those du-
alities that preserve all hiral symmetries. Dualities turn out to exist
for small levels only.
1 Introdution
Two-dimensional onformal eld theories have been an essential tool to study
universal properties of ritial phenomena. They apture surprisingly many
aspets of statistial models with ritial points, even away from ritiality.
A fasinating aspet of some of these models are Kramers-Wannier like du-
alities, relating e.g. the high-temperature and low-temperature regime; the
ritial point is typially self-dual. While this has been known for more than
sixty years [15℄, the obvious question whether suh dualities an be dedued
from properties at the ritial point has only been addressed reently.
The  armative  answer uses
1
an algebrai approah to full (rational)
onformal eld theories [8, 9℄ that desribes orrelation funtions of these
theories in terms of two piees of data:
• the hiral data of the onformal eld theory, whih are enoded in a
modular tensor ategory C
• a (symmetri speial) Frobenius algebra A in the tensor ategory C.
For the purposes of the present paper, a modular tensor ategory C (see
[20℄ and e.g. [1℄) is dened to be a semi-simple C-linear abelian ribbon ate-
gory with simple tensor unit 1l, having a nite number of isomorphism lasses
of simple objets; the braiding on the tensor ategory is required to obey a
ertain nondegeneray ondition. (This denition is slightly more restritive
than the original one in [20℄.)
In the TFT approah to rational onformal eld theory, types of topo-
logial defet lines orrespond to isomorphism lasses of A-bimodules. Given
two bimodules B1 and B2, their tensor produt B1⊗AB2 is again a bimodule;
this tensor produt enodes the fusion of topologial defets. In the same way
the modular tensor ategory C of hiral data gives rise to a fusion ring K0(C)
of hiral data, the tensor ategory CAA of A-bimodules gives rise to a fusion
ring K0(CAA) of topologial defets. Both fusion rings are semi-simple. The
fusion ring of defets is, however, not neessarily ommutative, sine the at-
egory of bimodules is typially not braided. (For a more detailed disussion
of the fusion ring K0(CAA) see e.g. [10℄.)
The present paper builds on the insight of [3, 4℄ that the fusion ring
K0(CAA) of topologial defets determines both symmetries and Kramers-
Wannier dualities of the full onformal eld theory desribed by the pair
(C, A). The fat that Kramers-Wannier dualities relate [13℄ bulk elds to
disorder elds loated at the end points of topologial defet lines might
have suggested a relation between Kramers-Wannier dualities and topologial
defets. However, the topologial defet lines relevant for the dualities are of
1
See also [16℄ for a dierent approah.
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a dierent type than the ones reated by the dual disorder elds.
We explain the pertinent results of [3, 4℄ in more detail: symmetries of
the full onformal eld theory (C, A) orrespond to isomorphism lasses of
invertible objets in CAA. These are objets B satisfying
B ⊗A B∨ ∼= A , B∨ ⊗A B ∼= A , (1)
where B∨ is the bimodule dual to B. The isomorphism lasses of the in-
vertible bimodules form a group, the Piard group Pic(CAA). This group is
not neessarily ommutative: for the three state Potts model, for example,
it turns out to be the symmetri group S3 on three letters, see [3℄.
To desribe dualities, we need the following
Denition 1.1. Given a modular tensor ategory C and a simple symmetri
speial Frobenius algebra A in C, a simple A-bimodule B is alled a duality
bimodule [3℄ i all simple subobjets of the tensor produt B∨ ⊗A B are
invertible bimodules.
It is easy to see that for any duality bimoduleB the isomorphism lasses of
simple bimodules Bλ suh that dimC Hom(Bλ, B
∨⊗AB) > 0 form a subgroup
H of the Piard group Pic(CAA) and that in this ase dimC Hom(Bλ, B∨ ⊗A
B) = 1. We all H the stabilizer of the duality bimodule B.
In the present paper, we restrit ourselves to the ase where the simple
symmetri speial Frobenius algebra in C is the tensor unit 1l; this situation is
usually referred to as the Cardy ase. A omplete set of orrelation funtions
for the full onformal eld theory in the Cardy ase has been onstruted in
[2℄. In the Cardy ase, the bulk partition funtion is given by harge on-
jugation. Many more simpliations our: The ategory of A-bimodules is
equivalent to the original ategory, CAA ∼= C; as a onsequene, isomorphism
lasses of invertible bimodules are simple urrents [18℄:
Denition 1.2. (i) A simple urrent in a modular tensor ategory C is an
isomorphism lass [J ] of simple objets J satisfying
J ⊗ J∨ ∼= 1l . (2)
(ii) A xed point [Uφ] of a simple urrent [J ] is an isomorphism lass of
simple objets of C satisfying
J ⊗ Uφ ∼= Uφ . (3)
(iii) A duality lass is an isomorphism lass [Uφ] of simple objets suh that
the tensor produt U∨φ ⊗Uφ is isomorphi to a diret sum of invertible objets
ontaining at least two non-isomorphi invertible objets.
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As a speial ase of the results of [3, 4℄, we see that the full onformal
eld theory in the Cardy ase has Kramers-Wannier dualities if and only if
the underlying modular tensor ategory has duality lasses.
In the present paper, we study two lasses of unitary rational on-
formal eld theories: (super-)Virasoro minimal models and Wess-Zumino-
Witten (WZW) theories. There is a WZW theory for every redutive nite-
dimensional omplex Lie algebra; in the present paper, we limit ourselves to
simple Lie algebras. Thus, both lasses of onformal eld theories ome in
families that are parametrized by a positive integer, alled the level.
Simple urrents in Virasoro minimal models (and thus their symmetries)
are well known; for WZW theories, simple urrents have been lassied in
[6℄: with the exeption of the WZW theory based on E8 at level 2, they are
in bijetion with the enter of the orresponding simple, onneted, simply-
onneted ompat Lie group. It might be surprising at rst sight that
only the enter - rather than at least the full Lie group  shows up as the
symmetry group. One should keep in mind, however, that the symmetries
we disuss are required to preserve all hiral symmetries, i.e. the omplete
urrent algebra. Relaxing this requirement  whih amounts to working with
the representation ategory of a subalgebra of the urrent algebra and a
nontrivial symmetri speial Frobenius algebra in this ategory  leads to
larger symmetry groups.
In this paper, we present a lassiation of Kramers-Wannier dualities
in these models. To state our results, we need to introdue some notation:
In WZW theories the hiral algebra is generated by an untwisted ane Lie
algebra X
(1)
r of rank r; moreover, one has to x a positive integral value k of
the level. We denote the orresponding modular tensor ategory by C[(Xr)k].
In this paper we establish the following results:
Theorem 1.3. The only Wess-Zumino-Witten theories (C[(Xr)k], 1l) with du-
ality lasses are (E7)2, (A1)2, (Br)1 and (D2r)2 with r ≥ 2.
Sine the nite-dimensional omplex simple Lie algebras B2 and C2 are
isomorphi, we do not list (C2)1 separately. It should be noted that dualities
only appear at low level. We are, unfortunately, not aware of any a priori
argument for this nding. For all ases exept (D2r)2, the stabilizer is yli
of order two. For most of the ases, the existene of the dualities does not
ome as a surprise: the modular tensor ategories for (A1)2 and (Br)1 have
the same fusion rules as the Ising model. For (E7)2 the fusion rules are
isomorphi to those of the triritial Ising model and hene the ategory
ontains a tensor subategory with Ising fusion rules.
Conerning Virasoro minimal models and their superonformal ounter-
parts, we nd the following situation.
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Theorem 1.4. (i) Duality lasses only exist for the unitary Virasoro mini-
mal models at level k = 1 and k = 2, i.e. for the Ising model and the triritial
Ising model.
(ii) Duality lasses for an N = 1 super-Virasoro unitary minimal model
only exist for odd levels. If they exist, they are unique.
(iii) N = 2 superonformal minimal models have duality lasses only for
level k = 2.
Our ndings agree, for the nonsupersymmetri theories, with the ones
of [16℄; our methods, however, are dierent. Again we nd a lose relation
to Ising fusion rules: all models with a Kramers-Wannier duality have a
realization by a oset onstrution involving (A1)2.
The plan of the paper is as follows: Setion 2 ontain model independent
results. We analyze properties of duality lasses; in Theorem 2.2.1 we give
a neessary ondition for the existene of duality lasses that is used in the
analysis of the A-series of Wess-Zumino-Witten models and the minimal
models.
For the B-, C-, D-series and the exeptional algebras E6 and E7, there
are no simple objets meeting the onditions of Theorem 2.2.1. A dierent
strategy involving lower bounds of quantum dimensions is developed in Se-
tion 2; it is based on the results of [11℄ on seond-lowest quantum dimensions
in Wess-Zumino-Witten fusion rules. Setion 3 ontains the analysis of du-
alities for Wess-Zumino-Witten theories; Setion 4 is devoted to the study of
(super-)onformal minimal models.
2 Model-independent onsiderations
2.1 Preliminary remarks and notation
We start by introduing some notation: we hoose a set (Uλ)λ∈I of represen-
tatives for the isomorphism lasses of simple objets of the modular tensor
ategory C. In partiular, given µ ∈ I, we nd a unique µ suh that U∨µ ∼= Uµ.
The tensor unit 1l of a modular tensor ategory is simple; we hoose the rep-
resentatives suh that U0 = 1l and 0 ∈ I.
The lasses [Uλ] form the distinguished basis of the fusion ring K0(C).
The fusion oeients
N ρλµ := dimC Hom(Uλ ⊗ Uµ, Uρ)
are the struture onstants of the multipliation on K0(C). The following
identities are easy onsequenes of the properties of a duality of a tensor
4
ategory:
N ρλµ = N λµρ = N µρλ . (4)
The braiding isomorphism cU,V : U ⊗ V → V ⊗ U of a modular tensor
ategory furnishes a symmetri matrix sij = trcUj ,Ui ◦ cUi,Uj . For the models
onsidered in this paper, there exists a positive real fator suh that the
matrix s resaled by this fator is unitary. We all this unitary matrix S.
The fusion oeients an be expressed in terms of the modular matrix S
by the Verlinde formula
N τρσ =
∑
κ∈I
SρκSσκS¯τκ
S0κ
. (5)
Another property of the modular matries S in the models of our interest
are the inequalities S0κ ≥ S00 > 0 for any simple objet Uκ. Entries for dual
objets are related by omplex onjugation, Sλµ = Sλµ. We nally note the
following easy onsequene of the Verlinde formula (5) and the unitarity of
S
Sρκ
S0κ
Sσκ
S0κ
=
∑
τ∈I
N τρσ
Sτκ
S0κ
. (6)
We need to introdue two more notions for modular tensor ategories.
Reall the denition of a simple urrent from the introdution. The set
of simple urrents arries the struture of a nite abelian group, alled the
Piard group Pic(C). It turns out that every isomorphism lass [Uκ] of simple
objets of C gives rise to a harater on the group Pic(C):
χλ([Uκ]) :=
Sλκ
S0λ
, (7)
whih we all the monodromy harater of the objet Uκ.
A modular tensor ategory being in partiular a ribbon tensor ategory,
there is the notion of a (quantum) dimension for any objet U of C. It
depends only on the isomorphism lass of an objet. For simple objets, we
introdue the abbreviation
Dλ := dim(Uλ) .
The quantum dimension is related to the modular S-matrix via
Dλ = S0λ
S00
. (8)
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The quantum dimension is a ring homomorphism from K0(C) to the ring
of algebrai integers over the rational numbers. Dual objets have idential
dimension
Dλ = Dλ .
Sine the quantum dimensions of the modular tensor ategories we onsider
are the Frobenius-Perron eigenvalues of their fusion matries, they are real
and obey Dλ ≥ 1. Equality is ahieved preisely for simple urrents.
It follows immediately from the properties of the quantum dimension that
the quantum dimension of a duality objet of C is the square root of an integer
Dφ =
√|H|, with |H| the order of the stabilizer H ≤ Pic(C).
To disuss WZW theories, we nally need some Lie-theoreti notation.
Let X
(1)
r be an untwisted ane Lie algebra. Denote by Λi the fundamental
weights and by a∨i the dual Coxeter labels. Their sum equals the dual Coxeter
number, g∨ =
∑r
i=0 a
∨
i . A labelling of the nodes of the Dynkin diagram
provides a labelling of simple roots and fundamental weights; we use the
onventions of [14, 5℄.
Fix a nonnegative integer k, the level. At level k, there are nitely many
integrable highest weights λ
λ ∈ P k+ = {(λ0, λ1, . . . λr) :=
r∑
i=0
λiΛ
i | λi ∈ Z≥0,
r∑
i=0
a∨i λi = k} .
Isomorphism lasses of simple objets of the modular tensor ategory C[(Xr)k]
are in bijetion to elements of P k+; in partiular, the irreduible highest weight
representation with highest weight kΛ0 is the tensor unit U0.
For xed level k, the zeroth omponent of a highest weight is redundant.
We therefore work with the nite-dimensional simple Lie algebra X¯r, alled
the horizontal subalgebra, and the horizontal part λ¯ =
∑r
i=1 λiΛ
i
of the
weight λ. The quantum dimension of the simple objet Uλ an be expressed
by a deformed version of Weyl's dimension formula in terms of a produt
over a set of positive roots of the horizontal subalgebra X¯r:
D (k)λ =
∏
α¯>0
⌊(λ¯+ ρ¯, α¯)⌋k
⌊(ρ¯, α¯)⌋k . (9)
Here ρ¯ =
∑r
i=1 Λ
i
is the Weyl vetor of X¯r and for given level k ∈ N, the
braket ⌊x⌋k of a rational number x is the real number
⌊x⌋k := sin
(
πx
k + g∨
)
.
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The identity
⌊x⌋k = ⌊k + g∨ − x⌋k . (10)
is immediate.
2.2 A riterion for the existene of dualities
We start with the following useful riterion:
Theorem 2.2.1. Let H ≤ Pic(C) be a subgroup of simple urrents. Suppose
that there is a simple objet Uµ with the following two properties:
1. The restrition of the monodromy harater χµ of Uµ to H is nontrivial.
2. The tensor produt of Uµ with its dual objet ontains, apart from the
tensor unit, just one more simple objet:
Uµ ⊗ U ∨µ ∼= 1l⊕ Uν .
Then a duality lass with stabilizer H an only exist if the simple objet Uν
appearing in the tensor produt Uµ ⊗ U ∨µ is a non-trivial simple urrent.
Proof. Suppose Uφ is a duality lass; then formula (6) gives for any κ ∈ I:
∣∣∣∣SφκS0κ
∣∣∣∣
2
=
Sφκ
S0κ
Sφκ
S0κ
=
∑
J∈H
SJκ
S0κ
,
where H is the stabilizer of Uφ.
The denition of the monodromy harater (7) together with standard
properties of haraters of nite abelian groups implies
∣∣∣∣SφκS0κ
∣∣∣∣
2
=
∑
J∈H
χκ(J) . (11)
This expression is nonvanishing i the restrition of the monodromy harater
of Uκ to H is trivial; in this ase it equals the order |H| of the group H .
Thus Sφκ = 0, whenever Uφ is a duality lass and Uκ a simple objet whose
monodromy harater restrited to H is nontrivial.
The seond property of the simple objet Uµ together with (6) immedi-
ately gives ∣∣∣∣SµφS0φ
∣∣∣∣
2
= 1 +
Sνφ
S0φ
.
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By the rst assumption, Uµ has nontrivial monodromy harater; therefore
Sµφ = 0. As a onsequene,
1 +
Sνφ
S0φ
= 0 . (12)
Next, we notie that due to its appearane in the tensor produt Uµ ⊗
U∨µ , the objet Uν has neessarily trivial monodromy harater. Therefore,
relation (11) yields
∣∣∣∣SφνS0ν
∣∣∣∣
2
= |H| for Uν and
∣∣∣∣Sφ0S00
∣∣∣∣
2
= |H| for the tensor unit U0 .
Taking the quotient of the last two relations gives
∣∣∣∣SφνSφ0
∣∣∣∣
2
=
∣∣∣∣S0νS00
∣∣∣∣
2
= D 2ν .
Equation (12) now implies that the left hand side of this equation equals
one; hene ν has to be a simple urrent. 
Remark 2.2.2. Sine [Uν ] is a simple urrent, the simple objet Uµ is itself
a duality lass for the yli stabilizer generated by [Uν ]. The simple urrent
[Uν ] has order two.
The riterion of Theorem 2.2.1 will be applied to the A-series and the
minimal models in Setion 3.
2.3 Monotoniity of quantum dimensions
Let [J ] be a simple urrent and φ ∈ I. Due to the relation
N J
φφ
= N φJφ
the simple urrent J appears in the deomposition of the tensor produt
Uφ ⊗ U∨φ if and only if [Uφ] is a xed point of [J ]. Duality lasses are thus,
in partiular, xed points under a subgroup H of the Piard group. A xed
point under a subgroupH of the Piard group is a duality lass with stabilizer
H if and only if its quantum dimension equals
√|H|.
To get onstraints on the existene of duality lasses, we study the growth
of the quantum dimension of xed points of subgroups of the Piard group
as a funtion of the level. The following lemma (f. also [7℄) plays a key role
for nding duality lasses for WZW theories based on untwisted ane Lie
algebras in the B-, C-, D- series and exeptional Lie algebras.
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Lemma 2.3.1. Let X
(1)
r be an untwisted ane Lie algebra. Let λ(k) be a
family of integral highest weights of X
(1)
r at level k of the form
λ(k) =
r∑
i=1
λiΛ
i + (k −
r∑
i=1
a∨i λi)Λ
0 ,
i.e. where only the zeroth omponent of λ(k) depends on the level. Assume
that not all λi vanish. Denote by Dλ(k) the quantum dimension of λ(k) at
level k ∈ Z≥0. Then the expression of equation (9) for Dλ(k) denes an
analyti funtion on R≥0 whih is stritly monotonially inreasing.
Proof. Dierentiating equation (9) with respet to k yields
∂
∂k
Dλ(k) = Dλ(k)
∑
α¯>0
(fk((ρ, α¯))− fk((λ¯+ ρ, α¯))) , (13)
where the funtion
fk(x) :=
πx
(k + g∨)2
cot(
πx
k + g∨
)
is stritly monotonially dereasing as a funtion of x for all xed levels k.
Thus all summands are nonnegative; moreover, (λ¯, α¯) > 0 for at least one
positive root α¯. Hene the expression (13) is positive. 
3 Dualities for WZW theories
The modular tensor ategories based on the Lie algebras E8 for level greater
or equal to three, F4 and G2 do not have non-trivial simple urrents [6℄. As a
onsequene, no duality lasses exist. At level two, E8 has Ising fusion rules
and thus has a duality lass with yli stabilizer of order two.
In the sequel we will use the slightly redundant notation D(k,r)λ for the
quantum dimension of the weight λ of the algebra (Xr)k at level k. Simple
objets will be referred to by the horizontal part of their weight; for reasons
of simpliity, we will drop overlines over horizontal weights.
3.1 The ane Lie algebra E7
The tensor ategories based on E7 have yli Piard group of order two, gen-
erated by the irreduible highest weight representation with highest weight
kΛ6. We are thus led to lassify xed points of quantum dimension
√
2. The
9
ation of a simple urrent on highest weights orresponds to a symmetry of
the Dynkin diagram; the nodes invariant under the symmetry orresponding
to the nontrivial simple urrent all have even Coxeter labels. Sine xed
points orrespond to highest weights invariant under this symmetry, they 
and hene duality lasses  only our at even level.
Aording to [11℄, the seond smallest quantum dimension for given level
k ≥ 5 ours for horizontal weight Λ6, D (k)λ ≥ D (k)Λ6 . The monotoniity
lemma 2.3.1 yields
D (k)Λ6 ≥ D (5)Λ6 =
⌊10⌋5
⌊1⌋5 >
√
2.
Thus, there are no duality lasses for level k ≥ 5.
The simple objets of seond lowest quantum dimension at level k = 2, 4
have been listed in Table 3 of [11℄. At level k = 2, one nds Λ7 whih is a
xed point of quantum dimension
D (2)Λ7 =
⌊2⌋2⌊6⌋2⌊8⌋2
⌊3⌋2⌊4⌋2⌊5⌋2⌊7⌋2 =
√
2
and thus a duality lass. Indeed, the fusion rules of E7 at level 2 are iso-
morphi to the fusion rules of the triritial Ising model whih is known to
exhibit a Kramers-Wannier duality.
At level 4, aording to the same table, the seond smallest quantum di-
mension is assumed for 2Λ7. The quantum dimension is larger than
√
2 (this
an be shown e.g. by using the omputer program ka [19℄). We onlude
that WZW theories based on the untwisted ane Lie algebra E
(1)
7 exhibit a
duality lass only at level two.
3.2 The ane Lie algebra E6
The Piard groups of the tensor ategories based on E6 are yli of order
three. Duality objets are therefore preisely the xed points of quantum
dimension
√
3. It follows from the values of the Coxeter labels that they an
only our at levels divisible by three.
Aording to [11℄, for k ≥ 3, the seond smallest quantum dimension
ours for the weight Λ1, D (k)λ ≥ D (k)Λ1 . By monotoniity in k, we derive
a lower bound for the quantum dimensions of simple objets, provided the
level k is not smaller than three,
D (k)λ ≥ D (3)Λ1 =
⌊3⌋3⌊6⌋3
⌊1⌋3⌊4⌋3 >
√
3
and dedue that there are no Kramers-Wannier dualities for WZW theories
based on E6.
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3.3 The series Cr
The Piard group of WZW theories based on the untwisted ane Lie algebra
C
(1)
r is yli of order two; a duality lass must be a xed point of quantum
dimension
√
2. It follows from the values of the Coxeter labels that the level
k must be even for odd rank r; for even rank there is no restrition on the
level.
The isomorphism of omplex simple Lie algebras C1 ∼= A1 allows us to
assume that r ≥ 2. For r ≥ 2 and k = 1 or k + r ≥ 6 the seond minimal
quantum dimension is given [11℄ by
D(k,r)λ ≥ D(k,r)Λ1 =
⌊ r
2
⌋k⌊r + 1⌋k
⌊1
2
⌋k⌊ r+12 ⌋k
.
Lemma 2.3.1 states D(k,r)Λ1 ≥ D(1,r)Λ1 with equality of k = 1 and we ompute
D(1,r)Λ1 =
⌊1⌋1⌊ r2⌋1
⌊1
2
⌋1⌊ r+12 ⌋1
≥
√
2 ,
with equality for r = 2. Indeed, the tensor ategory for (C2)1 ∼= (B2)1 has
Ising fusion rules and therefore displays a Kramers-Wannier duality.
For k + r < 6 seond minimal quantum dimensions are
D (2,2)2Λ1 =
⌊5
2
⌋2⌊1⌋2
⌊1⌋2⌊2⌋2 = 2 >
√
2
D (3,2)Λ1 =
⌊1⌋3⌊3⌋3
⌊1
2
⌋3⌊32⌋3
= 1 +
√
3 >
√
2
D (2,3)Λ1 =
⌊3
2
⌋2⌊4⌋2
⌊1
2
⌋2⌊2⌋2
= 1 +
√
3 >
√
2 .
As a onsequene, the only duality lass ours for C2 at level 1.
3.4 The series Br
Again the Piard group is yli of order two so that we are led to lassify
xed points of quantum dimension
√
2.
Beause of the isomorphisms C1 ∼= A1 and C2 ∼= B2 of nite-dimensional
omplex Lie algebras, we restrit ourselves to r ≥ 3. For r ≥ 3 and k ≥ 4 or
k = 2 the seond minimal quantum dimension is given [11℄ by
D(k,r)Λ1 =
⌊r + 1
2
⌋k⌊2r − 1⌋k
⌊1⌋k⌊r − 12⌋k
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and with the monotoniity lemma 2.3.1 we obtain
D(k,r)Λ1 > D(2,r)Λ1 =
⌊2⌋2⌊r + 12⌋2
⌊1⌋2⌊r − 12⌋2
= 2 .
This exludes duality lasses for all levels k ≥ 4 and k = 2.
At level k = 1, we nd Ising fusion rules and thus the unique duality lass
Λr. At level k = 3, the seond lowest quantum dimension is assumed for the
weight 3Λr [11℄. For its quantum dimension, we nd
D(3,r)3Λr =
⌊2⌋3
⌊r⌋3
r∏
l=1
⌊2l − 1⌋3
⌊l − 1
2
⌋3 =
⌊2⌋3
⌊r⌋3
r∏
l=1
cos(π
l − 1
2
2r + 2
) ,
whih is stritly larger than
√
2 for all ranks r ≥ 2: We onsider the ase of
even and odd rank separately; for even rank we nd
D(3,r)3Λr =
⌊1⌋3⌊2⌋3
⌊1
2
⌋3⌊32⌋3
r
2∏
l=2
⌊2l − 1⌋3⌊2l − 1⌋3
⌊2l − 1
2
⌋3⌊2l − 32⌋3
⌊r + 1⌋3
⌊r⌋3 ;
with the notation ⌈x⌉k := cos
(
pix
k+g∨
)
this is equal to
D(3,r)3Λr =
⌊1⌋3
⌊1
2
⌋3
⌊2⌋3
⌊3
2
⌋3
r
2∏
l=2
1− ⌈4l − 2⌉3
⌈1⌉3 − ⌈4l − 2⌉3
⌊r + 1⌋3
⌊r⌋3 .
Sine the arguments of the sine- and osine-funtions are all smaller than
π/2, all quotients are bigger than one. The rst quotient is stritly larger
than
√
3, beause
pi
2
2r+2
< pi
6
for any value of r. Therefore, the quantum
dimension D(3,r)3Λr is stritly larger than
√
2.
We proeed in an analogous way for odd rank to nd
D(3,r)3Λr =
⌊1⌋3
⌊1
2
⌋3
⌊2⌋3
⌊3
2
⌋3
r−1
2∏
l=2
1− ⌈4l − 2⌉3
⌈1⌉3 − ⌈4l − 2⌉3
⌊r⌋3
⌊r − 1
2
⌋3 ≥
√
3 .
We onlude that there are no duality lasses for levels k ≥ 2.
3.5 The series Dr
The struture of the Piard group depends on whether the rank is odd or
even. For even rank, it is isomorphi to the Kleinian four group Z2×Z2 with
generators kΛr−1 and kΛr. Aordingly, we have to onsider this group as
12
well as its three yli subgroups of order two as possible stabilizers. For odd
rank, the Piard group is yli of order four with kΛr−1 or kΛr as possible
generators. The possible stabilizers are then the full Piard group and the
yli group of order two generated by kΛ1.
For r ≥ 4 and k ≥ 3 the seond minimal quantum dimension is given by
D(k,r)Λ1 =
⌊r⌋k⌊2r − 2⌋k
⌊1⌋k⌊r − 1⌋k
and a lower bound is by Lemma 2.3.1
D(k,r)Λ1 > D(2,r)Λ1 =
⌊2⌋2⌊r⌋2
⌊1⌋2⌊r − 1⌋2 = 2 .
We dedue that for k ≥ 3 no duality lasses for any stabilizer exist:
for yli stabilizers of order two this is immediate. Duality objets whose
stabilizer is the full Piard group must be xed points under all four simple
urrents. They an only our at even levels; but for level equal to four and
higher, by the monotoniity properties of the quantum dimensions, no simple
objet of quantum dimension two exists.
The remaining ase is level k = 2. It is onvenient to treat D4 separately:
in this ase, simple objets have quantum dimension equal to one or two.
There is a single duality lass with highest weight Λ2 whih is a xed point
under the whole Piard group. We nd a single duality lass.
For rank greater or equal to ve and level k = 2, there are four simple
urrents, four simple objets of quantum dimension stritly bigger than two
and all simple objets with weights Λ1, Λr−1+Λr and Λi with i = 2, . . . r− 2
have quantum dimension 2. Among these weights, however, only Λr/2 for
even rank is a xed point under the whole Piard group and provides a
duality lass with the Piard group Z2 × Z2 as the stabilizer.
3.6 The series Ar
In this ase, we an use Theorem 2.2.1 with Uµ equal to the dening (r+1)-
dimensional irreduible representation with highest weight Λ1. Monodromy
lasses of WZW theories are in orrespondene with onjugay lasses of
representations. ForAr the dening representation is a generator of the group
of onjugay lasses of representations and hene has nontrivial monodromy
harater. For the tensor produt with the dual simple objet we nd
Λ1 ⊗ (Λ1)∨ = Λ1 ⊗ Λr−1 ∼= 0⊕ (Λ1 + Λr).
The seond simple objet in the diret sum is an invertible objet only for
r = 1 and k = 2. Thus, the only duality lass appears for (A1)2 whih is
known to have Ising fusion rules.
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4 Dualities for (super-)minimal models
4.1 Virasoro minimal models
Nonsupersymmetri Virasoro minimal models an be obtained by the oset
onstrution [12℄ from the diagonal embedding
(A1)k+1 →֒ (A1)k ⊕ (A1)1 .
To desribe isomorphism lasses of simple objets, onsider triples Φl st , where
l ∈ {0, . . . k}, s ∈ {0, 1} and t ∈ {0, . . . k + 1}, subjet to the ondition
l + s− t = 0 mod 2 . (14)
On suh triples, simple objets are equivalene lasses of the relation
Φl st ∼ Φk−l 1−sk+1−t .
The deomposition of the tensor produt of simple objets into a diret
sum of simple objets is given by
Φl1 s1t1 ⊗ Φl2 s2t2 ∼=
lmax⊕
l3=|l1−l2|
tmax⊕
t3=|t1−t2|
Φl3 s3t3
with lmax = min(l1 + l2, 2k− l1− l2) and tmax = min(t1 + t2, 2k+2− t1− t2),
and where the indies are required to fulll
l1 + l2 + l3 = 0 mod 2 and t1 + t2 + t3 = 0 mod 2 .
The seletion rule (14) xes the value of s3 in terms of l3 and t3.
The simple urrents apart from the isomorphism lass of the tensor unit
are
Φ0 0k+1 ∼ Φk 10 for k odd
Φ0 1k+1 ∼ Φk 00 for k even,
hene Pic(C) is yli of order two. The monodromy haraters are produts
of monodromy haraters for WZW theories based on A1.
The only simple objets that an be used to apply Theorem 2.2.1 are
Φ1 10 ,Φ
0 1
1 and Φ
0 1
k for odd level k and Φ
1 0
k+1 for even level k. The tensor
produt with the dual objet is
Φ1 10 ⊗ Φ1 10 ∼= Φ0 00 ⊕ Φ2 00 for level k ≥ 2
Φ0 11 ⊗ Φ0 11 ∼= Φ0 00 ⊕ Φ0 02
Φ0 1k ⊗ Φ0 1k ∼= Φ0 00 ⊕ Φ0 02 for odd level
Φ1 0k+1 ⊗ Φ1 0k+1 ∼= Φ0 00 ⊕ Φ2 00 for even level.
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Φ0 02 is a simple urrent only for k = 1; this ase is indeed the Ising model
with its well-known Kramers-Wannier duality. The primary eld Φ2 00 is a
simple urrent only for k = 2. In this ase, we reover the known Kramers-
Wannier duality of the triritial Ising model.
4.2 N = 1 super-Virasoro minimal models
The N = 1 superonformal minimal models have the following oset desrip-
tion [12℄ based on the diagonal embedding
(A1)k+2 →֒ (A1)k ⊕ (A1)2 .
To desribe isomorphism lasses of simple objets, onsider triples Φl st with
where l ∈ {0, . . . k}, s ∈ {0, 1, 2} and t ∈ {0, . . . k + 2}, subjet to the
requirement
l + s− t = 0 mod 2.
For odd level k, representatives for simple objets are labelled by equivalene
lasses of triples under the equivalene relation
Φl st ∼ Φk−l 2−sk+2−t .
For even level, the same holds with the exeption that there are two simple
objets orresponding to the triple Φ
k
2
1
k
2
+1
. This phenomenon is alled xed
point resolution in the physis literature (see e.g. [17℄ or [18℄ for a review).
The tensor produts with no xed points involved are given by
Φl1 s1t1 ⊗ Φl2 s2t2 ∼=
lmax⊕
l3=|l1−l2|
smax⊕
s3=|s1−s2|
tmax⊕
t3=|t1−t2|
Φl3 s3t3 ,
where the indies are required to obey
l1 + l2 + l3 = 0 mod 2
s1 + s2 + s3 = 0 mod 2
t1 + t2 + t3 = 0 mod 2
with lmax = min(l1 + l2, 2k − l1 − l2), smax = min(s1 + s2, 4 − s1 − s2) and
tmax = min(t1 + t2, 2k + 4− t1 − t2).
The simple urrents are
Φ0 00 ∼ Φk 2k+2
Φ0 20 ∼ Φk 0k+2
Φ0 0k+2 ∼ Φk 20 for k even
Φ0 2k+2 ∼ Φk 00 for k even,
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hene Pic(C) ∼= Z2 for odd level k and Pic(C) ∼= Z2 × Z2 for even level k.
We start with the disussion of dualities with yli stabilizer of order
two. The duality lasses have to be xed points of quantum dimension
√
2
under the ation of a nontrivial simple urrent of order two. The quantum
dimension of Φl ms is a produt of the A1 quantum dimensions.
We onsider rst xed points of the simple urrent Φ0 20 : in this ase s = 1
so that this A1 summand already ontributes a multipliative fator
√
2 to
the quantum dimension; the other labels l, t have to orrespond to A1-simple
urrents: l ∈ {0, k} and t ∈ {0, k+2}. This is exluded by the seletion rule
l + s+ t = 0 mod 2 for even level k. For odd level k we nd a single duality
lass Φ0 1k+2 with a yli stabilizer of order two generated by Φ
0 2
0 .
For even k we have to onsider xed points under the ation of the simple
urrent Φ0 0k+2 as well. In this ase, the relevant A1 onstituent has level
greater or equal to three so that already this part makes a multipliative
ontribution to the quantum dimensions stritly bigger than
√
2. Thus, the
yli group of order two generated by Φ0 0k+2 for k even never ours as a
stabilizer.
We nally onsider xed points of the simple urrent Φk 00 for even level
k. By the same arguments, quantum dimension
√
2 for a xed point an only
be ahieved for k = 2 and for Φ1 st with s, t desribing simple urrents. Suh
xed points are, however, exluded by the parity rule l +m+ s = 0 mod 2.
For even level k, the full Piard group ould appear as a stabilizer as well.
We should therefore nd all xed points of quantum dimension two under the
ation of all four simple urrents. Only the two simple objets arising in the
xed point resolution of Φ
k/2 1
(k+2)/2 qualify. Indeed, a omputation with ka
[19℄ shows that quantum dimension 2 is ahieved for level k = 2. Sine the
monotoniity lemma for WZW theories implies, by the oset onstrution,
the same monotoniity properties in k, this is the only relevant ase. A
omputation of the fusion rules, e.g. again with ka, however shows that
the two simple objets arising in the xed resolution are not xed points of
all four simple urrents. Hene, for even k, there is no duality objet whose
stabilizer is the full Piard group.
4.3 N = 2 super-Virasoro minimal models
A oset realization for N = 2 superonformal minimal models is based on
the embedding
u(1)2(k+2) →֒ (A1)k ⊕ u(1)4 ,
where (u1)N stands for the modular tensor ategory with K0((u(1)N) =
Z /NZ (for details, see e.g. Setion 2.5.1 of [9℄). To desribe simple ob-
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jets, onsider triples Φl st with l ∈ {0, . . . k}, s ∈ Z/4Z and t ∈ Z/2(k+2)Z,
subjet to the ondition
l + s− t = 0 mod 2 .
Isomorphism lasses of simple objets an be labelled by equivalene lasses
of the equivalene relation
Φl st ∼ Φk−l s±2t±(k+2) .
The tensor produts read
Φl1 s1t1 ⊗ Φl2 s2t2 ∼=
lmax⊕
l3=|l1−l2|
Φ
l3 (s1+s2)
(t1+t2)
with lmax = min(l1+l2, 2k−l1−l2), where the index l must obey the seletion
rule
l1 + l2 + l3 = 0 mod 2 .
We an apply Theorem 2.2.1 to the isomorphism lass of simple objets
Φ1 10 for whih the relevant tensor produt reads for k ≥ 2:
Φ1 10 ⊗ Φ1 −10 ∼= Φ0 00 ⊕ Φ2 00 .
Unless k = 2, the seond simple objet is not a simple urrent. For k = 2
we nd 16 simple urrents and 8 duality lasses Φ1, ·· whih all have a yli
stabilizer generated by Φ2 00 , the worldsheet superurrent.
The N = 2 superonformal theory with k = 1 has Virasoro entral harge
c = 1 and is equivalent to a free boson ompatied on a irle of appropriate
radius. As a onsequene, all isomorphism lasses of simple objets are simple
urrents in this ase and there are no duality objets.
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